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1. INTRODUCTION 
Let u(x, t) be a solution to 
u, - Au =f(u) in 52 x (0, T), (1.1) 
u=o on fS2 x (0, T), (1.2) 
4x3 0) = u,(x), (1.3) 
where Q is a smooth, bounded domain in R”. 
We are interested in positive, smooth blow-up solutions, that is, u 
satisfying u > 0, u E P(Q x (0, T)) and 
Various conditions in the literature ensure the occurrence of finite-time 
blow-up (see [3, l] for example). 
Following the usual convention, we call x0 E 52 a blow-up point if u is 
not locally bounded near (x,, T). 
We are interested mainly in the case where 
or 
f(u)=e" (1.4) 
f(u)= (u+iY, AaOandp> 1. (1.5) 
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If f is given (1.4) (respectively, (1.5)) let v = ePU (respectively, 
v= (u+ A)‘-“). Then v satisfies the equation 
vr-Av= -1 -w, 
V 
respectively, 
P IW2 vt-Au= -(p-l)--- 
p-l v . 
(1.6) 
(1.7) 
The aim of this paper is to study the function v and recover from it infor- 
mation about the behavior of the function u near the blow-up points. 
The function v is nonnegative and bounded from above. Also, on the set 
where v > 6 > 0, the function v is smooth (Cm). Indeed, on such a set, 
lVv12/u~ lVv12/& and standard regularity results (see [lo], for example) 
apply to Eq. (1.6) and yield the desired smoothness for v. This could also 
be deduced from the smoothness of u and the relation between u and v. 
The blow-up set of u corresponds to the extinction set of v. 
We are interested in establishing the regularity of v at the points where 
it vanishes. In attempting to establish the regularity of v, the troublesome 
term in (1.6) is [Vvl ‘/v. There are several ways to write this term, whether 
as a quasilinear term (i.e., (l/v) . lVvl*) or as a linear term in v with u being 
a coefficient (i.e., /Vul’. v or as Vu .Vv). However, in none of those forms 
are the requirements (on the coefficients) of the standard theory satisfied. 
Moreover, attempts to take advantage of the special form of the coefficient 
(l/v) and to use the standard techniques (as in [lo], for example) have 
been unsuccessful. 
Our interest in the regularity stems from two points. First, this will allow 
a description of v locally and hence will provide insight into the behavior 
of u near the blow-up points. If we have enough regularity of v, we can use 
numerical methods for calculating v with enough information to obtain a 
meaningful approximation of v(x, T). 
Although it has not been proved rigorously, the expectation, based on 
the everywhere blow-up of u past the blow-up time T provided in [2,4], 
is that v vanishes identically past the time T. 
We shall divide our results according to two cases: the radially 
symmetric case, and the nonsymmetric ase. 
In the symmetric ase we assume that 52 is a ball and that u0 is a radial 
function such that (u,), ~0. It is known that, under these assumptions, 
x = 0 is the only blow-up point. 
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THEOREM 1.1. Assume that for some a > 0 
u, 3 6 in the cylinder B(x,, a) x (T - a, T). (1.8) 
Further assume that iff is given by (1.6), p > 5. Then v E C”+‘, “(Q x (0, T)). 
As a direct consequence of this result we have that Vu > 0, Vb > 0 3c > 0, 
such that 
Ie~U(~13’)-e~u(o~r)l <C 1x1 (1x1”+ (T-t)“12), (1.9) 
e-“(“3’) 6 c( 1x1’ + (T- t)“12), (1.10) 
lu ‘-P(x, t)-24-p (0, t)l dc 1x1 (Ixl”+(T-t)“‘), (1.11) 
u’-‘(x, t)<c(Ixla+(T-t)a’2), (1.12) 
I I % <c(lxl”+(T-t)“‘2), (1.13) 
V(x, t) E B(0, a) x (T-b, T). 
In the nonsymmetric case we specialize to n = 1 and f(u) = e“. We then 
have the following. 
THEOREM 1.2. Assume that 
u,>s in a neighborhood of the blow-up set. (1.14) 
Then v E C”, “‘(SZ x (0, T)). 
It follows that if x0 is a blow-up point, then 
e~“‘“~“Qc(Ix-xoI”+(T-t)“‘2) V(x, t)EB(x,,a)x(T-a, T). (1.15) 
In Theorem 1.2 no assumption is made about the nature of the blow-up 
set. 
Various results describe the asymptotic pointwise behavior of u near 
the blow-up points (see, for example, [9, 73, for the case f(u) = UP and 
[ 11, 1,6] for the casef(u) = e”). However, those expansions of the solution 
u are, essentially, valid only in the backward time parabola (or a slight 
variation on this) in the sense that the remainder term is estimated 
uniformly only in the backward time parabola. This limitation is inherent 
to the method of variable grouping used there. Our results are not so 
accurate as the recent results. However, our results do offer the advantage 
of not being limited to any particular type of set; indeed, they provide 
information for all points near the blow-up point. 
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Our technique is also different from that used in the preceding references. 
Indeed, all of the previous work on the asymptotic pointwise behavior was 
done by analyzing the self-similar problem. We do not use that approach 
here. 
We require U, > 0 only in a neighborhood of the blow-up set. We do no 
know whether this is a restriction or not. We point out that this condition 
is always satisfied if Au, + f( uO) > 0. 
M. K. Kwong has recently conducted numerical calculations on (1.6), 
and work is in progress to develop error estimates using the regularity 
results proved here. 
2. PRELIMINARY RESULTS 
Let X,EQ be such that 
u(x, T) < cc vx E dB(x,, a) (2.16) 
u, > 6 in the cylinder B(x,, a) x ( T - a, T). (2.17) 
We will need the following known result (see [9, 11, 11): 
M>(T-t)f’(u(x,+yfl,t))>m>O for lyl < 1. (2.18) 
Let B be a positive constant and let g be a C2 function that satisfies 
g(s) > 0 for s>O (2.19) 
(Bf”-gf’-g’f)>O (2.20) 
(g”-2g-’ lg’12)>,0. (2.21) 
LEMMA 2.1. Let u be a solution of ( 1.1). Under the assumptions (2.16), 
(2.17), (2.19), (2.20), and (2.21) 3A >O, 3a>O such that 
Au,-g(u)(lVul)‘-Bf(u)~O in B(x,, a) x (T-a, T). (2.22) 
Proof. Let J=Au,-g(u)(lVul)*-Bf(u). 
From (2.16), (1.8) it follows that for A large enough, J>O on the 
parabolic boundary of B( x0, a) x ( T - a, T). 
From this equation, we find that J satisfies 
H(J) = 4f’(u) - 2(lVul Y g(u)f'(u) + 2 c @x,x,)2 g(u) 
+4c wx,ux,,g’(u) - W’(u)f(u) + W-“(u)(lV~l)~ (2.23) i. i
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= -v-‘(u) + (Bf” -Ed-’ - S’f)(IV~l I2 + 2 2 (u,,J2 g(u) 
i,J 
+ (I% I4 g”(U) + 4 1 %,~.x,~T,.x,g’(4. (2.24) 
i, i 
Let t,, be the first time that J vanishes at an interior point. 
If [Vu1 = 0, then Au = u,- f = (B.4 -I - 1)f #O, and at least for some 
(iA u,,,, ~0. It follows from (2.24) and (1.1) that at such a point we have 
that 
H(J) = 2c (%.x,)2 g(u) >0. 
1-J 
If Vu # 0, we will use that 
lu.,u.~,u.,,,g’(u)l ~gL:,4,+~u:,x,) k’l. 
Thus, 
H(J)B(Bf”-gf’-glf)(JVuJ)2+(IVul)4(g”-2g-’ lg’(2)>0. 
It follows from (2.24) by the Maximum Principle that JaO in 
B(x,, a) x (T-u, T). 
LEMMA 2.2. If f(u)=e” (respectively, f(u)= (u+A)~), then Lemma 2.1 
holds with g(u) 3 1 (respectively, g(u) = (u + A)-‘). 
3. THE RADIALLY SYMMETRIC CASE 
LEMMA 3.1. 3c, > 0 such that for any fixed t < T, 
;yc r’uf < cl ;!; (g(u)V2 + r*f(u(x, t)) g(u)-‘). (3.25) 
ProojI If r2uf achieves its maximum value at an endpoint of the interval 
(0, a), then the lemma is trivial. 
If the maximum of r2uz is achieved at an interior point r,,, we must have 
i(r’u:)=O at this point rO, 
REGULARITY RESULT 167 
and hence 
u,(roT f) ---= -dro, t) 
r0 
= --u,+ by (1.1). 
Using Lemma 2.1, we find that at the point (rO, t) 
y< -5 (u,)‘-;f+ n-1 -Uu,+J 
r 
Setting y = u,, we have that 
g$+$(Z-n)y +(B-A)fdO. 
Hence, 
((fl- 2)Alr) - J((n - 2)A/r)2 +4(A - B)fg 
% 
6 y d ((n - 2)Alr) + J(Cn - 2)A/r)* + 4(A - B)fg 
% 
which gives y2r2 d ~,g-~ + c2r:fgmd’, where c3 and c2 depend only on A, B, 
and n. 
3.1. The Cusef(u) = e“ 
LEMMA 3.2. Vcl E (0, l), 3c > 0 such that 
sup r*e” Q C( T- t)‘“. 
rsa 
(3.26) 
ProoJ: If the sup r*e” is achieved at the endpoints, the lemma is 
obvious. 
If the sup r2eu is achieved at an interior point, then 
$(r2e”)=0, 
and hence ru, = - 2 at such a point. 
By Lemma 2.2 of [8] we have that V8 E (0, 1) 3C > 0 such that 
(u, 1 3 Creeu. 
168 HAMID BELLOUT 
Hence, at the point where the function r2eu achieves its maximum value, we 
have 
Cr2eeu < r 1~4, ) = 2 
and 
By (4.9) of [S] we have that 
e”<c2(T-z)-‘. 
Hence. 
sup r2eu < c( T- t)“- I), 
rsu 
where 19 E (0, 1) and c < (2/C)c,. 
Combining (3.26), (3.25), and Lemma 2.2, we have the following lemma. 
LEMMA 3.3. Vcr E (0, l), 3c > 0 such that 
supr2 [u,~~,<c(T-~))~. (3.27) 
r<o 
LEMMA 3.4. Vcr E (0, 1 ), 3c > 0 such that 
[Vu1 2 ePU <c(T-t)-” in B(O,a)x(T-a, t). (3.28) 
Proof Case 1. Assume that (r, t) is such that r2 d (T- t). It is known 
(see (3.4) of [S], for example) that 
Also, by (2.18), ePU d (l/m)( T- t) > 0 at such a point. Hence, 
epu IVz412<c (3.29) 
for (r, t) such that r2 Q (T- t). 
Case 2. For (r, t) such that r2 2 (T- t), it follows from (1.8) and (2.18) 
that 
r2e”k 0 3 r2euk T- r2) > m. (3.30) 
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Thus, for (r, t) such that r2 > (T- t), 
lW2 e-’ T<u <sup (r2 IVz412).sup e-u r<o ( > r2 
<c(T-t)-5 c1 with E (0, l), 
where we used (3.30) and Lemma 3.3. 
Proof of Theorem 1.1. Since (VO)~/U = lVu12 ePU, it follows from (1.6) 
and Lemma 3.4 that 
II,-AuEL~(O, T;L=) vq<co. 
By standard regularity results (see Theorem 11.1, p. 211 of [lo], for 
example), we then have that v E C’ + a% ‘12. 
3.2. The Case f(u) = (u + A)p 
LEMMA 3.5. Va E (0, 1) 3c > 0 such that 
sup ((~+~)~+r~(~+~)~+~)~c(T-~t)-(~‘(~~’))-~. 
r<a (3.31) 
Proof. If the sup is achieved at the endpoints, the lemma follows 
(see (4.8) of [8]) from the estimate 
u<~(T-r)-“‘p-~‘. (3.32) 
If the sup is achieved at an interior point, then 
By Lemma 2.2 of [S], VS > 0, 3C > 0 such that 
Iu,J >,c(u+A)p-6. 
Thus, 
at such a point. 
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Factoring out the positive term r(u + i)” ~ ’ -- ’ and using that the 
remaining factor is nonnegative, we have that 
2~(u+~)2+(p+1)~r2(U+;1)p-t1~(U+;1)2+6. (3.33) 
The lemma is then a direct consequence of estimate (3.32). 
Using (3.31) and (3.25) we find the following. 
LEMMA 3.6. Va E (0, 1 ), 3c > 0 such thaf 
sup? lur12~c(T-t)(2+1)‘(P~1). 
r<o (3.34) 
LEMMA 3.7. Va E (0, l), 3c > 0 such that 
IVu12 (u+A)- P+l~C(T-t)(2+r)l(P~1) in B(0, a) x (T-a, T). (3.35) 
The proof is similar to that of Lemma 3.4. 
Proof of Theorem 1.1. Since (Vu)‘/u = jVu12 (u + A)pp-‘, it follows from 
(1.7) and Lemma 3.7 that 
v,-AvEL~(O, T;L”) - tiq<+ 
2 . 
By standard regularity results (see Theorem 11.1, p. 211 of [lo], for 
example), we then have that for q > 2, i.e., for p > 5, u E C’ +Or, a/2. 
4. ONE-DIMENSIONAL CASE 
LEMMA 4.1. For y > 0 but small enough, 3, > 0 such that for any fixed 
t< T. 
sup e --yu lu,12<c,(T-t)Y-‘. XC0 (4.36) 
Proof: Since the blow-up set is a compact subset of (a, a - E), it follows 
that 3s > 0, and 3c, > 0 such that 
sup e --yu )u,12<c2. xE[O,&]U[a-&,a] 
If e-yu Iu, I 2 achieves its maximum value at an endpoint of the interval 
(a, a - E), the lemma is then trivial. 
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If the maximum of ePyu juX12 1s ac leve at an interior point x0, then we h’ d 
must have 
d 
ze -yu I~x121,y=.w=o, 
and hence, by (l.l), 
YUh t) 
2 = 4x0~ t) 
= (u, -f(u))(xo, f). 
Using Lemma 2.1, we find that at the point (x,, t) 
Thus, 
u~(xo, f) eCuy < 2(A-B)e.(‘~Y’~,(T_t)Y~‘. 
2-Ay 
Proof of Theorem 1.2. Since (u,)‘/u=u~e~” and e(P’+y’u is bounded 
for y < 1, it follows from Lemma 4.1 and 1.6 that 
or-hEL”(0, CL”); 
1 
vq<- 
l-y’ 
By standard regularity results (see theorem 10.1, p. 204 of [lo], for 
example) we then have that u E Pa” for some a > 0. 
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